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ABSTRACT
This﻿ article﻿ develops﻿ a﻿ formal﻿model﻿ of﻿ spontaneous﻿ recovery﻿ from﻿ pathological﻿
addiction.﻿It﻿regards﻿addiction﻿as﻿a﻿progressive﻿susceptibility﻿to﻿stochastic﻿environmental﻿
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1. INTRodUCTIoN







from﻿ the﻿ social﻿ costs﻿ and﻿ externalities﻿ generated﻿ by﻿ the﻿ consumption﻿ of﻿ addictive﻿
substances.﻿ These﻿ theories﻿ can﻿ be﻿ loosely﻿ classified﻿ as﻿ generalizations﻿ of﻿ the﻿
rational﻿ addiction﻿model﻿ (Becker﻿&﻿Murphy﻿ 1988).﻿ Generalizations﻿ allow﻿ for﻿ the﻿
presence﻿of﻿random﻿cues﻿that﻿increase﻿the﻿marginal﻿utility﻿of﻿consumption﻿(Laibson﻿





addiction﻿ as﻿ a﻿ progressive﻿ susceptibility﻿ to﻿ stochastic﻿ environmental﻿ cues﻿ that﻿ can﻿
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the﻿ probability﻿ of﻿making﻿mistakes.﻿ A﻿ similar﻿mechanism,﻿ based﻿ on﻿ the﻿ struggle﻿
between﻿the﻿impulsive﻿and﻿reflective﻿systems,﻿is﻿proposed﻿by﻿Bechara﻿(2005)﻿in﻿his﻿
neurocognitive﻿theory﻿of﻿decision﻿making.﻿We﻿also﻿explore﻿the﻿role﻿of﻿other﻿factors,﻿
such﻿as﻿ learning﻿and﻿ individual﻿heterogeneity.﻿Our﻿model﻿ is﻿well﻿ suited﻿ to﻿explain﻿
the﻿following﻿dynamics﻿of﻿quitting﻿behavior:﻿(i)﻿natural﻿recovery﻿occurring﻿as﻿cold﻿
turkey﻿quitting﻿without﻿ an﻿ exogenous﻿ shock;﻿ (ii)﻿ gradual﻿quitting﻿ after﻿ a﻿period﻿of﻿
decreasing﻿consumption;﻿and﻿(iii)﻿quitting﻿occurring﻿after﻿a﻿series﻿of﻿failed﻿attempts.﻿
Performance﻿analysis﻿of﻿this﻿extended﻿model﻿is﻿carried﻿out.






Section﻿ 5﻿ concludes.﻿ Appendix﻿ A﻿ reports﻿ the﻿ results﻿ of﻿ the﻿ stability﻿ analysis﻿ of﻿
equilibria.﻿Appendix﻿B﻿develops﻿the﻿optimization﻿method﻿and﻿algorithm.
2. THE NEURoSCIENCE oF AddICTIVE BEHAVIoR















dopamine﻿ transmission,﻿ drugs﻿ reinforce﻿ the﻿ associated﻿ learning﻿ process﻿ ending﻿
up﻿by﻿ constraining﻿ the﻿ individual’s﻿ behavioral﻿ choices﻿ (Berke﻿&﻿Hyman﻿2009).﻿ In﻿
other﻿words,﻿drugs﻿seem﻿to﻿affect﻿the﻿basic﻿Hedonic﻿Forecasting﻿Mechanism2﻿(HFM﻿
henceforth),﻿ a﻿ simple﻿ and﻿ fast﻿ system﻿ for﻿ learning﻿ correlations﻿ between﻿ current﻿
conditions,﻿decisions﻿and﻿short﻿ term﻿rewards.﻿There﻿ is﻿a﻿growing﻿consensus﻿ in﻿ the﻿
neuroscience﻿according﻿to﻿which﻿addiction﻿results﻿from﻿the﻿impact﻿addictive﻿substances﻿
International Journal of Applied Behavioral Economics
Volume 8 • Issue 1 • January-March 2019
24














Natural﻿ recovery﻿ is﻿ more﻿ common﻿ than﻿ suggested﻿ by﻿ conventional﻿ wisdom﻿ and﻿
characterizes﻿the﻿whole﻿spectrum﻿of﻿drugs﻿such﻿as﻿alcohol﻿(Cunningham﻿et al.﻿2005;﻿











abuse﻿ since﻿ the﻿ mid-1970s﻿ (Vaillant﻿ 1982)﻿ focusing﻿ on﻿ triggering﻿ mechanisms,﻿
maintenance﻿factors﻿and﻿on﻿trying﻿to﻿identify﻿common﻿reasons﻿for﻿change﻿in﻿substance﻿
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•﻿ Some﻿ individuals﻿ confronted﻿with﻿ addiction﻿ can﻿make﻿ informed﻿ decisions﻿ and﻿
develop﻿resolution﻿strategies;
•﻿ An﻿ individual’s﻿ capacity﻿ to﻿ terminate﻿ chronic﻿ substance﻿misuse﻿ is﻿ very﻿much﻿
a﻿ function﻿ of﻿ the﻿ resources﻿ she﻿ has﻿ developed﻿ and﻿maintained﻿ over﻿ the﻿ course﻿
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4. A ModEL oF NATURAL RECoVERy







Figure 1. Scheme of the mathematical model. External and innate factors influencing the DM. Sequence of decisions 
taken by the DM (central path). Hot and cold modes of decision leading to compulsive and non compulsive behaviors 
(left and right cycles). Natural recovery (triangle) may be activated by increasing costs (loss function) and cognitive 
factors producing switches in the DM’s behavior (dotted line).
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Time﻿is﻿discrete,﻿indexed﻿by﻿the﻿nonnegative﻿integers,﻿t ∈ …{ }0 1 2, , , .﻿In﻿each﻿time﻿
period﻿ t ﻿the﻿DM﻿first﻿selects﻿a﻿lifestyle﻿a ﻿from﻿the﻿set﻿ E A R, ,{ } .﻿(e.g.﻿going﻿to﻿a﻿bar﻿
or﻿staying﻿at﻿home﻿watching﻿TV).﻿If﻿lifestyle﻿E ,﻿“exposure”,﻿is﻿chosen﻿there﻿is﻿a﻿high﻿
probability﻿ that﻿ the﻿DM﻿will﻿ encounter﻿ a﻿ large﻿ number﻿ of﻿ substance-related﻿ cues.﻿
Activity﻿ A ,﻿“avoidance”,﻿entails﻿fewer﻿substance-related﻿cues﻿and﻿may﻿also﻿reduce﻿
Figure 2. Hot-cool framework
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triggering﻿ the﻿hot﻿mode.﻿With﻿ some﻿ transition﻿probability﻿ p
T
,﻿ consumption﻿of﻿ the﻿
addictive﻿substance﻿in﻿state﻿ s ﻿at﻿ time﻿ t ﻿moves﻿the﻿individual﻿to﻿a﻿higher﻿addictive﻿
state﻿s +1 ﻿at﻿time﻿ t +1 ,﻿and﻿abstention﻿moves﻿him﻿to﻿a﻿lower﻿addictive﻿state﻿s −1 ﻿at﻿





min p s p s S if x a E A
Max p st
T t T t t t
T t
+
+ + − ∈
1
=
{  ( 1) (1 ) , } = 1, { , }
 






1) (1 ) } = 0, { , , }p s if x a E A R
T t t t
﻿ (1)
Equation﻿(1)﻿implies﻿that﻿consumption﻿in﻿state﻿s ﻿leads﻿to﻿state﻿min S s
t







, −{ } ﻿with﻿probability﻿
p
T
﻿ from﻿state﻿ s > 1 ﻿and﻿to﻿state﻿ s = 0 ﻿ from﻿state﻿ s = 0 .﻿The﻿volume﻿of﻿substance-
related﻿environmental﻿cues﻿c a,ω( ) ﻿depends﻿on﻿the﻿lifestyle﻿and﻿on﻿an﻿exogenous﻿state﻿
of﻿ nature﻿ ω ﻿ drawn﻿ randomly﻿ from﻿ a﻿ state﻿ space﻿ Ω ﻿ according﻿ to﻿ some﻿probability﻿
measure﻿ µ .﻿We﻿assume﻿the﻿function﻿ c a,ω( ) ﻿ to﻿be﻿driven﻿by﻿a﻿normally﻿distributed﻿
random﻿process﻿with﻿variance﻿and﻿mean﻿depending﻿on﻿the﻿lifestyle﻿a .﻿Impulses﻿c a,ω( ) ﻿
place﻿ the﻿ DM﻿ in﻿ hot﻿ mode﻿ when﻿ their﻿ intensity﻿ M a s a, , ,ω( ) ,﻿ denoting﻿ the﻿ DM’s﻿
sensitivity﻿to﻿the﻿cues,﻿exceeds﻿some﻿exogenously﻿given﻿threshold﻿MT .﻿Since﻿people﻿
become﻿sensitized﻿to﻿cues﻿through﻿repeated﻿use﻿M a s a M a s a, ', , , ", ,ω ω( ) < ( ) ﻿for﻿s s" '> ,﻿
and﻿ M a a MT, , ,0 ω( ) < .﻿ Moreover,﻿ M a s R M a s A M a s E, , , , , , , , ,ω ω ω( ) ≤ ( ) ≤ ( ) ,﻿ i.e.﻿ the﻿
lifestyle﻿affects﻿the﻿DM﻿sensitization﻿to﻿environmental﻿cues.﻿When﻿M a a MT, , ,0 ω( ) > ﻿
the﻿DM﻿enters﻿the﻿hot﻿mode.﻿We﻿assume﻿the﻿power﻿function﻿M ﻿to﻿be﻿logistic,﻿strictly﻿
increasing﻿and﻿twice﻿continuously﻿differentiable﻿in﻿ s :






, , , , ,ω ω ω
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Finally,﻿ post-addiction﻿ is﻿ characterized﻿ by﻿ decreasing﻿ sensitization﻿ and﻿ periods﻿ of﻿
abstinence﻿even﻿though﻿the﻿HFM-generated﻿impulses﻿are﻿still﻿active.
We﻿consider﻿T s a M a s a MT, : , , ,( ) = ∈ ( ) >{ }ω ωΩ .﻿The﻿DM﻿enters﻿the﻿hot﻿mode﻿if﻿
and﻿only﻿if﻿ ω ∈ ( )T s a, .﻿Letting﻿ p T s asa = ( )( )µ , ﻿denote﻿the﻿probability﻿of﻿entering﻿the﻿
hot﻿mode﻿at﻿time﻿t﻿in﻿addictive﻿state﻿ s ﻿and﻿lifestyle﻿ a ,﻿an﻿increase﻿in﻿the﻿addictive﻿
state﻿ s ﻿raises﻿the﻿probability﻿of﻿entering﻿the﻿hot﻿mode﻿at﻿any﻿moment,﻿because﻿the﻿
Figure 3. The deterministic portion of the M  function
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In﻿state﻿s ﻿the﻿DM﻿receives﻿an﻿immediate﻿hedonic﻿payoff﻿w e x a u e v x a
s s s s















a,( ) ≡ + ,﻿where﻿usa ﻿represents﻿the﻿baseline﻿payoff﻿associated﻿with﻿
successful﻿ abstention﻿ in﻿ state﻿ s ﻿ and﻿ activity  a ,﻿ and﻿ b
s
a ﻿ represents﻿ the﻿ marginal﻿
instantaneous﻿benefit﻿from﻿use﻿the﻿individual﻿receives﻿in﻿state﻿s ﻿after﻿taking﻿activity﻿














A+ > + .﻿Future﻿
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θ σ δ σ θ σ θ( ) = + + −( ) ( )+ (








s t. . ﻿
0 ≤ ≤h S ﻿
h Max s− = −{ }1 1 1, ﻿
h min S s+ = +{ }1 1, ﻿
C ﻿ is﻿ the﻿ set﻿ of﻿ decision﻿ states﻿ E E A R, , , , , , ,1 0 0 0( ) ( ) ( ) ( ){ } ;﻿ σsa x, ﻿ represents﻿ the﻿
probability﻿of﻿consuming﻿the﻿substance﻿in﻿state﻿ x ﻿with﻿contingent﻿plan﻿ a x,( ) ﻿and﻿ θ ﻿
is﻿a﻿vector﻿specifying﻿the﻿model﻿parameters.﻿The﻿stationarity﻿of﻿Equation﻿(3)﻿follows﻿
from﻿the﻿assumption﻿that﻿the﻿DM﻿takes﻿her﻿decision﻿at﻿the﻿beginning﻿of﻿each﻿period4.
We﻿ are﻿ interested﻿ in﻿ the﻿ choice﻿ set﻿ E, 0( ) .﻿ In﻿ this﻿ case﻿ impulses﻿ to﻿ use﻿ are﻿ not﻿
forcedly﻿controlled﻿through﻿rehabilitation,﻿but﻿abstinence﻿occurs﻿for﻿high﻿enough﻿MT ,﻿
the﻿threshold﻿level﻿of﻿the﻿impulses’﻿intensity﻿required﻿to﻿defeat﻿cognitive﻿control.
4.1. Expected Losses and Past Addiction Histories
Drawing﻿from﻿Suranovic﻿et﻿al.﻿(1999)﻿we﻿assume﻿the﻿DM﻿to﻿be﻿Y ﻿years﻿old﻿and﻿T Y( ) ﻿
is﻿a﻿non﻿addict’s﻿life﻿expectancy﻿at﻿age﻿Y .﻿T Y( ) ﻿is﻿linear﻿in﻿Y ﻿with﻿T Y'( ) < 0 .﻿An﻿
addict’s﻿life﻿expectancy﻿at﻿age﻿Y ﻿can﻿be﻿represented﻿as﻿T Y H( )− β ﻿with﻿ β ﻿being﻿a﻿
parameter﻿weighting﻿the﻿reduction﻿in﻿life﻿expectancy﻿caused﻿by﻿the﻿maximum﻿addictive﻿
state﻿ H .﻿ The﻿ present﻿ value﻿ of﻿ an﻿ addict’s﻿ expected﻿ future﻿ utility﻿ stream﻿V ﻿ from﻿
consumption﻿at﻿age﻿Y ﻿can﻿be﻿defined﻿as:
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s, ( ) =
=











where﻿ r ﻿is﻿the﻿discount﻿rate;﻿e r t Y− −( ) = δ ﻿is﻿the﻿discount﻿factor﻿at﻿time﻿t﻿and﻿b
s
﻿is﻿the﻿









by﻿the﻿current﻿addictive﻿state﻿ s .﻿For﻿a﻿DM﻿aged﻿Y ﻿and﻿maximum﻿addictive﻿state﻿H ﻿
the﻿present﻿value﻿of﻿the﻿expected﻿future﻿losses﻿at﻿time﻿ t ﻿is﻿given﻿by5:
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accounted﻿ for﻿ introducing﻿ the﻿variable﻿ H Max s
i
= { } ,﻿ i t= … −0 1 1, , , ﻿ indicating﻿ the﻿
DM’s﻿maximum﻿addictive﻿state﻿reached﻿up﻿to﻿the﻿current﻿period﻿ t .
4.2. Increasing Cognitive Appraisal








Figure 4. M  and I  functions corresponding to different assumptions on I
0
.  Dashed line: I M
0 0





) ;  s o l i d  l i n e :  I M
0 0




) ;  d a s h d o t  l i n e :  I M
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and﻿ its﻿potential﻿consequences.﻿ In﻿ this﻿case﻿ the﻿ I ﻿ function﻿ for﻿potential addicts﻿ is﻿
related﻿to﻿the﻿loss﻿function﻿L s















I I g L
Y H0 0
= + ( )γ , ﻿ (9)
Table 1. Variables, functions and model parameters
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.﻿I﻿satisfies﻿the﻿following﻿properties:﻿I s Y I s Y', ",( ) < ( ) ﻿for﻿s s' "< ;﻿
I s Y I s Y, ' , "( ) < ( ) ﻿for﻿Y Y' "< .﻿Moreover,﻿it﻿is﻿strictly﻿increasing﻿in﻿L sY H, ( ) ﻿and﻿twice﻿
continuously﻿differentiable﻿in﻿s .﻿γ ﻿indicates﻿the﻿presence﻿of﻿learning﻿processes﻿related﻿
to﻿the﻿past﻿history﻿of﻿consumption,﻿age﻿and﻿awareness﻿of﻿future﻿expected﻿losses.﻿We﻿
assume﻿ 0 1≤ ≤γ ﻿with﻿ γ ﻿=1﻿implying﻿perfect﻿learning﻿and﻿ γ = 0 ﻿implying﻿absence﻿
Figure 5. Frequency of decisions for each addictive state s
Table 2. Summary statistics on income y
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As﻿time﻿ t ﻿and﻿addictive﻿state﻿ s ﻿increase,﻿the﻿ I ﻿function﻿moves﻿up﻿for﻿any﻿ γ ﻿so﻿
that﻿ different﻿ values﻿ of﻿ I ﻿ are﻿ associated﻿with﻿ the﻿ same﻿ s .﻿When﻿ the﻿ I ﻿ function﻿
overrides﻿the﻿HFM,﻿the﻿probability﻿of﻿entering﻿the﻿hot﻿mode﻿is﻿driven﻿to﻿zero.﻿Similar﻿
Table 3. Summary statistics on initial level of cognitive control l0
Figure 6. Choices over time: cold mode (top) and hot mode (bottom) decision making
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Appendix﻿A﻿details﻿the﻿conditions﻿under﻿which﻿I s Y M s a
a
, , ,( ) > ( )ω ﻿and﻿shows﻿that﻿























The﻿equilibrium﻿solution﻿ s seq= ﻿is﻿globally﻿asymptotically﻿stable.
Figure 7. Evolution of the addictive state S as a function of time
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are﻿ taken﻿ from﻿Bernheim﻿and﻿Rangel﻿ (2005).﻿We﻿consider﻿ S = 50 ;﻿ y
s
=800$;﻿ t =1﻿
week;﻿ simulation﻿ length﻿=﻿1000﻿periods﻿ (20﻿ years);﻿ cost﻿ of﻿ addictive﻿ substance﻿=﻿




























Assume﻿fixed﻿all﻿the﻿parameters﻿in﻿ϕ ﻿except﻿for﻿ γ .﻿An﻿increase﻿in﻿ γ ﻿shorthens﻿the﻿
interval﻿between﻿the﻿initial﻿use﻿and﻿the﻿maximum﻿addictive﻿state﻿H ﻿and﻿anticipates﻿
natural﻿recovery.




of﻿ addictive﻿ goods.﻿ If﻿ consumers﻿ are﻿ sometimes﻿ rational﻿ and﻿ sometimes﻿driven﻿by﻿
cue-triggered﻿mistakes,﻿measures﻿ such﻿as﻿ taxation﻿of﻿ legal﻿ addictive﻿ substances﻿or﻿
strict﻿ regulation﻿may﻿only﻿ raise﻿ the﻿ cost﻿ of﻿ consumption.﻿However,﻿ if﻿ spontaneous﻿
remission﻿occurs﻿through﻿increased﻿awareness﻿of﻿future﻿expected﻿costs﻿and﻿learning﻿
from﻿past﻿experiences,﻿standard﻿public﻿policy﻿approaches﻿can﻿still﻿play﻿a﻿role.﻿The﻿
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implication﻿ of﻿ our﻿model﻿ is﻿ that﻿more﻿ attention﻿ should﻿ be﻿ paid﻿ to﻿ education﻿ and﻿
information﻿ policy﻿measures﻿ relative﻿ to﻿ health﻿ and﻿ pharmacological﻿ ones.﻿ Policy﻿
strategies﻿differentiated﻿by﻿the﻿age﻿profile﻿of﻿the﻿patients﻿could﻿be﻿useful.﻿In﻿young﻿









We﻿propose﻿ a﻿decision﻿making﻿model﻿ explaining﻿how﻿even﻿ long﻿ term﻿addicts﻿may﻿
find﻿ their﻿way﻿out﻿ of﻿ substance﻿ abuse﻿without﻿ the﻿ utilization﻿ of﻿ professional﻿ help.﻿
Even﻿though﻿natural﻿recovery﻿characterizes﻿a﻿substantial﻿fraction﻿of﻿individuals﻿with﻿
a﻿history﻿of﻿pathological﻿addiction,﻿ research﻿ is﻿ still﻿ scarce.﻿Spontaneous﻿ remission﻿
becomes﻿ a﻿ possibility﻿ when﻿ additional﻿ decision﻿making﻿ factors,﻿ neglected﻿ by﻿ the﻿
previous﻿literature,﻿are﻿taken﻿into﻿account.﻿Drawing﻿from﻿clinical﻿and﻿experimental﻿





Future﻿ research﻿could﻿ focus﻿on﻿empirical﻿ tests﻿ and﻿calibration﻿of﻿ the﻿model,﻿ if﻿
appropriate﻿ longitudinal﻿ data﻿ are﻿ available.﻿ The﻿ estimated﻿ parameters﻿ incorporate﻿
information﻿on﻿individual﻿traits﻿that﻿may﻿be﻿crucial﻿for﻿natural﻿recovery.﻿Moreover,﻿
parameters﻿ estimation﻿ would﻿ allow﻿ classification﻿ of﻿ population﻿ groups﻿ based﻿ on﻿
their﻿addictive﻿behavior.﻿This﻿information﻿could﻿then﻿be﻿used﻿to﻿design﻿appropriate﻿
addiction﻿control﻿measures.
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4﻿ ﻿ Bernheim﻿ and﻿ Rangel﻿ (2004)﻿ show﻿ that﻿ this﻿ model﻿ generates﻿ a﻿ number﻿ of﻿
addiction﻿ patterns.﻿Unsuccessful attempts to quit﻿ occur﻿ when﻿ there﻿ is﻿ an﻿
unanticipated﻿ or﻿ anticipated﻿ and﻿ sufficiently﻿ slow﻿ shift﻿ in﻿ parameters﻿
θ
s s s s
p u b= ( ), , ﻿from﻿θ ' ﻿to﻿θ " .﻿Cue-triggered recidivism﻿is﻿associated﻿with﻿high﻿
exposure﻿to﻿relatively﻿intense﻿cues,﻿e.g.﻿high﻿realizations﻿of﻿c(a,﻿ω).﻿Self-described 
mistakes﻿ in﻿which﻿ the﻿DM﻿chooses﻿ (E, 0)﻿or﻿ (A, 0)﻿ in﻿cold﻿mode,﻿but﻿ then﻿he﻿
enters﻿the﻿hot﻿mode.﻿Self-control through pre-commitment﻿given﻿by﻿the﻿choice﻿
(R,﻿0)﻿implying﻿a﻿costly﻿pre-commitment.﻿Self-control through behavioral and 
cognitive therapy﻿through﻿choice﻿(A,﻿0)﻿implying﻿costly﻿cue﻿avoidance.
5﻿ ﻿In﻿writing﻿equation﻿(5)﻿we﻿do﻿not﻿account﻿for﻿transition﻿probabilities﻿affecting﻿
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" ﻿be﻿two﻿distinct﻿initial﻿conditions﻿of﻿the﻿ I ﻿function,﻿such﻿that﻿
I I
0 0
<' " . ﻿ F rom﻿ Equa t ion ﻿ (A8) ﻿ I s Y I I s Y I( , , ) < ( , , )
0 0
' " ﻿ ∀s S= 0,1, ,… ﻿ and﻿
T s a I T s a I( , , ) ( , , )
0 0
" '⊂ .﻿It﻿follows﻿that﻿ µ µ( ( , , ')) > ( ( , , ))
0 0
T s a I T s a I " .
(2)﻿﻿Analogously,﻿ I s Y I s Y( , , ') < ( , , )γ γ " ﻿for﻿ γ γ' < " ﻿and﻿µ γ µ γ( ( , , ')) > ( ( , , ))T s a T s a " .
We﻿next﻿show﻿that﻿the﻿equilibrium﻿solution﻿ seq = 1 ﻿is﻿globally﻿asymptotically﻿stable﻿
for﻿the﻿dynamic﻿system﻿described﻿by﻿(1).﻿(1)﻿is﻿a﻿hybrid﻿dynamic﻿systems﻿as﻿it﻿evolves﻿

































leading﻿ to﻿chronic﻿addiction﻿ s S=( ) ﻿or﻿ to﻿natural﻿ recovery﻿ s = 1( ) .﻿Any﻿oscillating﻿
dynamics﻿ is﻿ due﻿ to﻿ shifts﻿ or﻿ to﻿ transient﻿ behavior.﻿ In﻿ order﻿ to﻿ study﻿ the﻿ stability﻿
properties﻿of﻿the﻿dynamic﻿system﻿we﻿focus﻿only﻿on﻿the﻿third﻿regime﻿and﻿on﻿the﻿two﻿
single-point﻿sets﻿M seq= { }1 ﻿and﻿N seq= { }2 .
Proposition 2:﻿
The﻿equilibrium﻿solution﻿ s seq= 1 ﻿is﻿globally﻿asymptotically﻿stable.
Proof:﻿
Let﻿ L s V V s
t max t t
( ) = ( )− ﻿be﻿a﻿function﻿defined﻿in﻿the﻿open﻿set﻿G S= {0,1,2, , 1}… − ﻿of﻿
the﻿values﻿ reached﻿by﻿ the﻿ state﻿ variable﻿ s .﻿ L ﻿ is﻿ a﻿ continuous﻿on﻿G ﻿Liapunov﻿
function﻿with﻿ L s L s L s
t t t
( ) = ( ) ( ) 0
1+ − ≤ ﻿for﻿all﻿ s Gt ∈ .﻿Figure﻿8﻿plots﻿the﻿function﻿
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L ﻿ on﻿ the﻿ set﻿G ﻿ of﻿ the﻿ state﻿variable﻿ s .﻿Different﻿ colors﻿ correspond﻿ to﻿ simple﻿
moving﻿ averages﻿ ( )SMA ﻿ of﻿ L :﻿ L ﻿ (green);﻿ SMA L( , 3) ﻿ (blue);﻿ SMA L( ,5) ﻿ (red);﻿
SMA L( ,7) ﻿(black).
M ﻿is﻿the﻿largest﻿invariant﻿set﻿in﻿G ﻿and﻿G ﻿is﻿a﻿bounded﻿open﻿positively﻿invariant﻿set.﻿
Then,﻿the﻿theorem﻿on﻿asymptotic﻿stability﻿of﻿the﻿set﻿M ﻿(La﻿Salle,﻿1997)﻿shows﻿that﻿
the﻿equilibrium﻿ s seq= 1 ﻿is﻿asymptotically﻿stable﻿on﻿G .﻿This﻿completes﻿the﻿proof.
Since﻿ the﻿ loss﻿ function﻿ decreases﻿ the﻿ instantaneous﻿marginal﻿ benefit﻿ from﻿ use﻿we﻿
expect﻿the﻿DM﻿to﻿choose﻿(E,0)﻿when﻿in﻿cold﻿mode﻿and﻿for﻿a﻿number﻿of﻿time﻿periods﻿
sufficient﻿to﻿generate﻿natural﻿recovery6.
Now﻿let﻿ϕ ﻿be﻿the﻿parameters’﻿vector,﻿ϕ δ γ= ( , , , , , , )
0 0








Figure 8. The function L  on the set G  of the state variable s
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(1)﻿﻿Given﻿ I I L
Y H0 0 ,
= + γ ,﻿an﻿ increase﻿ in﻿ I
0
﻿ is﻿determined﻿by﻿a﻿change﻿ in﻿ the﻿a 
priori﻿ level﻿ of﻿ cognitive﻿ control﻿ I
0
.﻿ For﻿ a﻿ given﻿ stochastic﻿ process﻿ ω ﻿ and﻿
lifestyle﻿ a ,﻿ this﻿ causes﻿ p
s
a ﻿ to﻿ decrease﻿ (see﻿ Proposition﻿ 1)﻿ at﻿ each﻿ t ﻿ thus﻿






" ﻿be﻿two﻿distinct﻿initial﻿conditions﻿of﻿the﻿ I ﻿function,﻿such﻿that﻿
I I
0 0
<' " .﻿ The﻿maximum﻿ levels﻿ of﻿ s ﻿ H I' '( )
0
﻿ and﻿ H I" "( )
0
﻿ are﻿ reached﻿ at﻿ two﻿
different﻿ time﻿ instants﻿ t ' ﻿ and﻿ t " .﻿From﻿(i)﻿ it﻿ follows﻿ that﻿ t t' "≤ .﻿Since﻿by﻿




















The﻿parameters﻿of﻿the﻿M ﻿and﻿ I ﻿functions﻿are:﻿λ = 0.1 ,﻿M
0
= 0.09 ,﻿ I
0
= 0.07 ﻿and﻿
γ = 1 .﻿ c a( , )ω ﻿is﻿specified﻿by﻿ c a k k
a a
( , ) =
1 2
ω ω+ ,﻿where﻿ ω
a
﻿is﻿a﻿normally﻿distributed﻿


















a, ,( ) = + ( )+ ( ) = + ﻿ (B1)
with:
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( ) = + +α α α
2 2
2 ﻿
u e e e xe se
s e s ee s xe se( ) = ( )+ ( )+ +α α α αlog log ﻿




= ( )+ ( ) ﻿
w x( ) ﻿and﻿ u e
s
( ) ﻿are﻿increasing﻿and﻿concave﻿in﻿ x ﻿(potentially﻿addictive﻿good)﻿and﻿





are﻿zero﻿by﻿the﻿separability﻿assumption.﻿Monotonicity﻿and﻿concavity﻿of﻿w x( ) ﻿and﻿u e
s
( ) ﻿




















= 1− ,﻿e y
s s
= .
Figure 9. Payoff functions
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The﻿solution﻿of﻿the﻿dynamic﻿stochastic﻿programming﻿problem:
V u b V V











= + + −( ) +

( )∈ − +
max
,
, , ,σ δ σ σ1
1 1
﻿ (B2)
s t. . ﻿
0 ≤ ≤h S ﻿
h max s− = −{ }1 1 1, ﻿
h S s+ +{ }1 = , 1min ﻿
is﻿obtained﻿recursively.﻿By﻿Equation﻿(B2),﻿for﻿ s S= ﻿the﻿function﻿V ﻿is:














= + + −( ) +

∈ −( , )
, , ,












S−1 ﻿within﻿an﻿interval﻿V VS S− −

1 1
, .﻿For﻿each﻿k S= 1, ,2− … ,﻿by﻿Equation﻿
(B2)﻿we﻿find:
V g V V g V h V
k k k k k k k k

















V g V V g V h V
1 1 1 2 1 1 2 1
 : ( , ) ( , ( ))* * *= ﻿ (B7)
by﻿solving:
V u b V h V
a x C
a a x a a x a x
1 1 1 1 1 1 1 2 1
1= + + −( ) +

∈( , )
, , , *
max ( )σ δ σ σ ﻿
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V u b V V
a x C
a a x a a x a x
0 0 0 0 0 0 0 1





max σ δ σ σ
 ﻿
the﻿ optimal﻿ sequence﻿V 0 ,﻿V1 ,﻿V 2 ,﻿… ,﻿V S ﻿ is﻿ backward﻿ recovered﻿ by﻿ applying﻿ the﻿
functions﻿ h
k
* ﻿defined﻿in﻿(B6).
